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ABSTRACT. Let S™(X) be the symmetric product of an irreducible smooth
complex projective curve X. Given a vector bundle E on X, there is a cor-
responding parabolic vector bundle Vg, on S™(X). If E is nontrivial, it is
known that Vg, is stable if and only if E is stable. We prove that

HO(S8™(X), Hompar(VE« , Vr:))=H°(X, FREV)O(H(X, F)®@H(X, EV)).

As a consequence, the map from a moduli space of vector bundles on X to the
corresponding moduli space of parabolic vector bundles on S™(X) is injective.

1. INTRODUCTION

Let X be an irreducible smooth complex projective curve. Fixing an integer
n > 2, let S"(X) be the n—fold symmetric product of X. Let D C S™(X) be
the reduced irreducible divisor parametrizing nonreduced effective divisors of X of
length n. Let

g1 :S"(X)xX — S"(X) and g :S"(X)xX — X

be the natural projections. The tautological hypersurface on S™(X) x X will be
denoted by A. Given a vector bundle E on X, define the vector bundle

]:(E) = Q1*(OA QOgn (xyx x qSE) — Sn(X)

This vector bundle F(F) has a natural parabolic structure over the divisor D; the
parabolic weights are 0 and 1/2. (See [BL] for the construction of the parabolic
structure.) This parabolic vector bundle will be denoted by V..

The parabolic vector bundle Vg, is semistable if and only if the vector bundle
E is semistable [BL, Lemma 1.2]. If E is not the trivial vector bundle, then Vg, is
stable if and only if F is stable [BLL Theorem 1.3].

Therefore, a morphism from a moduli space of vector bundles on X to a moduli
space of parabolic vector bundles on S™(X) is obtained by sending any E to Vg..

Our aim here is to show that the above morphism is injective.

For two parabolic vector bundles V, and W, on S™(X) with D as the parabolic
divisor and underlying vector bundles V' and W respectively, let Hompar (Vi , Vi)
be the vector bundle on S™(X) defined by the sheaf of homomorphisms from V' to
W preserving the parabolic structures.
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3018 I. BISWAS AND S. MAJUMDER

We prove the following (see Corollary B.4]):
Theorem 1.1. Let E and F be stable vector bundles over X with
degree(F)/rank(E) = degree(F')/rank(F).

Then
HO(S™(X), Hompar(Ves , Vis)) = 0
if B £ F, and
dim H(5™(X), Hompar(Ves . Vrs)) = 1
ifE = F.

In fact we show that for any vector bundles £ and F on X,
H(S™(X), Hompar Ve« , Vrs)) = HY(X, F® EY)® (H°(X, F)® H(X, EY)).
(See Theorem B31)

2. INVARIANTS OF THE TENSOR PRODUCT

Let X be an irreducible smooth projective curve defined over C. Take any integer
n > 2. For any ¢ € [1,n], let

(2.1) pi X" — X

be the projection to the i—th factor. The group of permutations of {1,--- ,n} will
be denoted by ¥(n). There is a natural action of it on X",

(2.2) X" x S(n) — X",

that permutes the factors. If V4 is a vector bundle on X, the above action of X(n)
on X™ has a natural lift to an action of X(n) on the vector bundle

Vo = éprg — X"

i=1
which simply permutes the factors in the direct sum.
Take two algebraic vector bundles V' and W over X. Define

Vo= ép;‘V and W := EanfW
i=1 i=1

As noted above, ¥V and W are equipped with an action of ¥(n). The Kiinneth
formula says that

HYX", VeoWw) = @ HOX", p;V epW).
i,j=1

Using the projection formula, we have

(2:3) HY(X"™, piV@p;W) = H'(X, Ve W),
and if i # 7, then
(2.4) HY (X", piVep,W) = H(X,V)® H (X, W).
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Using these we get an embedding
(2.5)
o HYX, VeoW)e (H(X,V)e H(X, W) — @ H(X", p;V @ p;W)
ij=1
= HY(X", VW)
that sends any s € H°(X, V@ W) to

@Br;s e GH(X", p;(VaW)) c @ HIX", p;Vep;W)
=1 =1

ij=1
and sends any u®@t € H*(X, V) ® H°(X, W) to

> piw) @ @jt) € @ HX", piVepW)
(4,5) € [1,n] x[1,n];i#] 1,j=13i#]

n
c @ H X", pV epW).
ij=1
The actions of 3(n) of V and W together produce a linear action of ¥(n) on
HO(X™, V@ W). Let

HO(X™, veWw)>™ c HY(X™ veoWw)
be the space of invariants.
Proposition 2.1. The homomorphism ® in (Z3) is an isomorphism of
HY (X, VeW)e (H(X,V)® H' (X, W))
with HO(X™, V@ W)=,
Proof. From the construction of ® it follows immediately that
SH(X,VeoW)s (HY X, V)e H(X, W))) c H' (X", Vo W)™,

Also, @ is clearly injective.
Consider the decomposition of the vector bundle

(2.6) Veow = @rvew)e( @ @V)e@;W)
i=1 i, j=15i#]

into a direct sum of two vector bundles. Clearly, the action of ¥(n) on V@W leaves
the two direct summands

n

(2.7) Privew) ad  H @GiV)eEW)
i=1 i j=13i%]
in (20) invariant.
Since the second subbundle in (27) is 3(n)—invariant, the subspace
(28) D HX" GIV)e@E;W) C HX" Veow)
i j=1lsi#j

is left invariant by the action of X(n) on H%(X™, V @ W).
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2

Let A be the complex vector space of dimension n* —n given by the space of all

functions

a:{l,---,n}x{l,---,n} — C
such that a(i,i) = 0 for all ¢ € [1,n]. The permutation action of ¥(n) on
{1,---,n} produces an action of ¥(n) on A. Consider the 3(n)-invariant sub-
space

P EAEX" (V) e W)
i,j=151#]
in [28). From (24) it follows that
n
(29) ( D HUX", (jV) @ ;W)™ = AW e H(X, V) o H(X, W),
i,j=15i#]
where (] ;_1.i; HO(X™, (piV)® (ij)))Z(") and A*(™) are the spaces of invari-
ants.
The space of invariants A>(") is generated by the function
p:[L,n]x[l,n] — C

defined by (i,j) — 1—(5;-, where 5;- = 0ifi # jand 6! = 1 for all i. This follows
from Burnside’s theorem (see [Lal p. 648] for Burnside’s theorem). Therefore, we
have

(2.10) AW = C.p=C.
From (2.9) and ([2I0) we conclude that

(2.11) ( é HYX™, (V) @ (p;W))*"™ = HY(X, V)@ HO(X, W).
1,j=1;i#j

In view of (26) and 211,
(2.12)

HOY(X™, Vow)=m = (é HOX™, pr (VW)™ e (HY(X, V) HY(X, W)).

Let B be the complex vector space of dimension n given by the space of all
functions

{1, ,n} — C.

Let By = C C B be the line defined by the constant functions. The group X(n)
has a natural action on B. From (ZI2]) and 23],

(2.13) HO(X™, VaWw)>"™ = (BZMeH(X, VeW))e(H (X, V)QH (X, W)).

It can be shown that
B = By,

where By is defined above. Indeed, this is an immediate corollary of Burnside’s
theorem mentioned above. Therefore, from ([ZI3]),

HYX", VveW)*™ = H'(X, VeW)a (H(X,V)® H'(X, W)).
This completes the proof of the proposition. O
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3. HOMOMORPHISMS OF VECTOR BUNDLES
AND PARABOLIC VECTOR BUNDLES
Let
(3.1) f: X" — X"/3(n) = S™(X)

be the quotient map to the symmetric product of X. Let E — X be a vector
bundle. The action of ¥(n) on the vector bundle

(3.2) £ = PnE

i=1
produces an action of 3(n) on the direct image f.&; the morphism f,.& — S™(X)
is 3(n)—equivariant with ¥(n) acting trivially on S™(X). The invariant direct image

(3.3) Ve = (L) c f.&

is a locally free Ogn(x)-module. Using the action of ¥(n) on &, a parabolic structure
on the vector bundle Vg is constructed (see [BLL Section 3]). This parabolic vector
bundle will be denoted by Vg.. We will now quickly recall the description of Vg,.

Let
D c S"(X)
be the reduced irreducible divisor parametrizing all (z1,--- ,2,) such that not all
z; are distinct. The parabolic divisor for Vg, is D. Let
Dc X"
be the reduced divisor parametrizing all (z1,--- ,z,) such that z; # z; for some

i,j € [L,n]. So, f(D) = D. The action of %(n) on & preserves the coherent

subsheaf £ ® Oxn(—D). Define the invariant direct image

(3.4) Vi = (f«(€® Oxn(=D))*™ C f.(E® Oxn(-D)).
Clearly,
(3.5) Vi C Ve

The parabolic bundle Vg, is defined as follows: (Vg)i/2 = Vi and (Vg)o = Vg
(see [MY]). Therefore, the quasi-—parabolic filtration is a 1-step filtration, and it is
constructed from (BH]); the parabolic weights are 1/2 and 0.

Let F be a vector bundle over X. Define the vector bundles

(3.6) Fi=@p;F and Vp := (f£.F)".
=1

Let Vg, be the parabolic vector bundle on S™(X), with Vr as the underlying
vector bundle and parabolic structure over D, obtained by substituting F' for E in
the above construction of Vg.. Define Vi, C Vg as done in (B4). Let

(3.7) Hompar(VE* ,VF*) C HOTTL(VE* ,VF*)

be the sheaf of homomorphisms compatible with the parabolic structures [MY],
[MS]. We recall that a section T' of Hom(Vgs , Vr«) = Vr« @ (VEs)" defined over
an open subset U C S™(X) lies in Hompar (VEs , Vrs) if and only if

T(Vglu) € Vp.
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Define the vector bundle

(3.8) Wer = P pFepE’ — X"

4,j=1;i#]
The actions of ¥(n) on £ and F together define an action of £(n) on Wg p. Define
the vector bundle

(3.9) We.rp = (f*WE,F)E(n) — S™(X).
Lemma 3.1. Let Vrgprv be the vector bundle on S™(X) obtained by substituting

F ® EY for E in the construction of Vg. There is a canonical injective homomor-
phism of Ogn(x)-modules

H : Vpgpv @ WE,F — Hompar(VE* >VF*)7
where Wg r and Hompar Ve« , Vr«) are defined in B9) and B0) respectively.
Proof. Consider £ and F, defined in (8:2) and (B.6]) respectively, equipped with

action of 3(n). From the constructions of Vpgpv and Wg r it follows that
Vrgey @ WE r = (f(F@&Y))=m.

Note that F ® &Y = (P, p;(F ® EY)) ® Wg, r, where Wg p is constructed in
B.3).

Take any nonempty Zariski open subset U C S™(X). Let
(3.10) ¢ : 8|f*1(U) — ]:lf—l(U)

be a homomorphism which intertwines the actions of ¥(n) on €| -1y and F|p-1 vy,
where f is the quotient map in (B1). Let

Dy = Dn f~YU)
be the divisor on f~1(U). Let
(3.11) % = ¢o®Id : 5|f*1(U) ®Of*1(U)(_5U) — ]'—|f*1(U) ®Of*1(U)(—l~)U>

be the homomorphism, where Id is the identity automorphism of O f—l(U)(—EU).
The restriction of ¢ to the subsheaf

Elf-1) ® Op-1ar)(=Du) C |y

clearly coincides with 5 _

Since the action of 3(n) on X™ leaves Dy invariant, we get an action of X(n)
on Offl(U)(—ﬁU). The actions of X(n) on &|;-1(y) and Offl(U)(—ﬁU) together
produce an action of ¥(n) on &|;-1(y) @ Of*l(U)(—lAjU). Similarly, F|;-1 () ®
Of—l(U)(—BU) is equipped with an action of ¥(n). Since ¢ in BI0) is X(n)-
equivariant, it follows immediately that the homomorphism ¢ in II)) is also X(n)—

equivariant. Consequently, ¢ produces a section of Hompar(Ves , Vrs) over U.
Therefore, we have a homomorphism of Ogn(x)-modules

(3.12) H : Vrgpy ©WEr — Hompar(VE* 7VF*)
that sends any section ¢ of

(F(FRE)EM™ = Vpgpw ® We p
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over some open subset U to the section of

Hompar(VEs » Vi) |u
constructed above from ¢. (]
Proposition 3.2. Take two vector bundles E and F on X. The homomorphism
H : H(S™(X), Vrop )BH(S™(X), Wg.r) — H(S™(X), Hompar (Vs , Vi)
gwen by H in Lemma [3.1] is an isomorphism.
Proof. Since H is injective, the corresponding homomorphism
H : H(S™(X), Vrop )BH(S™(X), Wg.r) — H(S™(X), Hompar (Vs , Vi)
is also injective. So to prove that His an isomorphism, it suffices to show that
dim H°(S™(X), Hompar (Vs , Vrs)) < dim H(S™(X), Vrgpv)

+dim H(S™(X), Wg.F).

From the construction of the vector bundle Hompar(Ve« , Vrs) in B.1) it follows
that

(3.13)

Hompar(VE* 7VF*) - (f*(]:(g)g\/))il(n) C f*(]:(g)gv),
where £ and F are constructed in (32 and (B0) respectively. Consequently,
HO(8™(X), Hompar (Vs , Vi) © HY(X™, f (F@EY))EM,

Hence setting V and W in Proposition 2ZI]to be F' and EV respectively we conclude
that

HO(S™(X), Hompar Ve , Vi) C© HY(X™, fu(F @ EV))EM

=H'(X,FoEY)® (H' (X, F)® H (X, EV)).
On the other hand,
H(X,F®EY)® (H'(X, F)® H(X, EV))

C H°(S™(X), Vrgev) ® H(S™(X), Wg,r).
Indeed, HO(X, F® EV) ¢ H°(S™(X), Vrgpv) and
H(X, F)® H (X, EY) ¢ H°(S™(X), Wg.Fr).

Combining (314) and BI5),

HO(S™(X), Hompar (Vs , Vrs)) C HY(S™(X), Vrgrv) ® H*(S™(X), Wg.F).

Therefore, we conclude that the inequality in ([BI3]) holds. This completes the proof
of the proposition. O

(3.14)

(3.15) :
(

Theorem 3.3. There is a canonical isomorphism
HO(S™(X), Hompar (VEs , Vre)) — HY(X, Fo EY)® (H* (X, F)® H(X, EY)).
Proof. From Proposition B.2]
dim H°(S™(X), Hompar Vi« , Vrs)) = dim H*(S™(X), Vrgev)
+dim H°(S™(X), Wg,r) ,
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and from (BI3),
dim H°(X, F ® EY) +dim(H°(X, F) ® H°(X, EV))
< dim H°(S™(X), Vrggrv) + dim H°(S™(X), Wg r).
Consequently,
dim H*(X, F ® EV) + dim(H°(X, F) ® H*(X, EY))
< dim H°(S™(X), Hompar (Vs , VEs)).
On the other hand,
dim H°(S™(X), Hompar Vi« , Vre)) < dim H*(X, F® EY)
+dim(H°(X, F) ® H°(X, EY))
(see (B.14)). Combining these we conclude that
hO(S™(X), Hompar (Vs , Vrs)) = h%(X, F® EV) + h%(X, F) - h°(X, EY)).
Therefore, the subspace
HO(S™(X), Hompar (VEs , Vi)
in (314) coincides with the ambient space
HY(X, FoEV)o(HY (X, F)®H°(X, EY)). O
Corollary 3.4. Let E and F be stable vector bundles over X with
degree(FE) /rank(F) = degree(F')/rank(F).

Then
H°(S™(X), Hompar (Vi , Vi) = 0
ifE # F, and
dlmHO(Sn(X)v Hompar(VE* 7VF*)) =1
ifE = F.

Proof. 1f degree(F) < 0, then H°(X, F) = 0 because F is stable. If degree(F) >
0, then H°(X, EV) = 0 because EV is stable with degree(EV) < 0.
Therefore, H*(X, F) ® H°(X, EV) = 0. Hence the corollary follows from The-

orem 0
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